We develop a theory of excitonic artificial atoms in strong magnetic fields. The excitonic atoms are formed by N electrons and holes confined in a quantum dot. The single-particle levels are described by the FockDarwin spectrum in a magnetic field. The magnetic field induces crossing of energy levels and allows us to engineer degenerate shells. We apply exact diagonalization techniques to calculate the magnetic-field evolution of the ground state of the N-electron-hole complex and its emission spectra. We focus on degenerate shells and show that excitons condense into correlated states due to hidden symmetry. We relate the Fock-Darwin spectrum, hidden symmetries, and direct and exchange interaction among particles to the emission spectra as a function of number of electron-hole pairs ͑excitation power͒ and magnetic field.
I. INTRODUCTION
With the high quality of their optical properties, selfassembled quantum dots ͑SAQD's͒ ͑Ref. 1͒ are considered attractive candidates for optoelectronic applications, including quantum-dot laser, [2] [3] [4] quantum dot infrared photodetectors, 5 single-photon devices [6] [7] [8] , and gates for quantum computing. 9 SAQD's self-organize in the process of epitaxial growth of the semiconductor materials with different lattice constants ͑e.g., InAs/GaAs͒. 10, 11 We focus in this work on InAs lens-shaped dots, with 10-20 nm diam and 2-5-nm height. 1, 3, 12, 13 Since InAs as a low-band-gap material with direct gap is embedded by the high-band-gap material GaAs, not only electrons but also valence holes are confined. Under high excitation, electrons and holes localize in lens-shaped quantum dots and form strongly interacting exciton complexes with ''atomiclike'' properties. 14, 15 The principle underlying the energy spectrum of excitonic artificial atoms is the existence of a hidden symmetry ͑HS͒. 14 -16 The HS applies to quantum dots with well-defined shells of degenerate single-particle ͑SP͒ levels. The nature of electron and hole energy levels can be identified by the application of the magnetic field. In weak magnetic fields B, the shell degeneracy is lifted due to the orbital Zeeman effect, which resolves the SP states with different orbital angular momentum, and the HS is broken. The orbital Zeeman splitting has been successfully observed by previous magnetophotoluminescence experiments in various types of quantum dots. 18 -22 These experiments indicated a possibility of destroying degeneracies existing at Bϭ0 and creating new degeneracies at higher magnetic fields. However, to be able to observe and resolve the shell structure of the quantum dot ensemble, a high magnetic field as well as a high quality of uniformity of quantum dots are required. The required magnetic field should correspond to the cyclotron energy comparable to the energy spacing of electronic states in quantum dots. By exploiting the post-growth annealing to reduce energy-level spacing 23 and high magnetic fields up to 30 T, a successful observation of complete energy spectra of magnetoexciton complexes, including a clear observation of orbital-Zeeman splitting and magnetic field engineered degenerate shell structures, has been realized by S Raymond et al. 24 This motivates our development of a theory of excitonic atoms in strong B, which will be presented in this paper. We organize this paper as follows. In Sec. II, we introduce the single-particle spectrum. In Sec. III, we describe the Hamiltonian of many-exciton systems and the method of configuration interaction ͑CI͒ for the calculation of multiexciton states of dots. In Sec. IV, we discuss the excitonic artificial atom corresponding to magnetic-field-engineered degeneracy. Semianalytical results for the low-lying multiexciton states are discussed in detail. The numerical calculation of magnetophotoluminescence spectra is carried out. In Sec. V, magnetic-field evolution of the chemical potential of the excitonic artificial atom is calculated using exact diagonalization technique and discussed in detail. A generalization of the theory is carried out to describe the excitonic states, involving the magnetic-field-engineered degeneracy, with a higher exciton number and magnetic fields. We conclude in Sec. VI.
II. SINGLE-PARTICLE STATES
In the effective-mass approximation, the effective confining potential of lens-shaped SAQD's can be well approximated by a two-dimensional harmonic potential, 25 
, where ␤ϭe/h denotes electron/hole, and m ␤ * and ␤ are the effective mass and confinement frequency. The ͑SP͒ spectrum in the presence of the magnetic field normal to the dot plane B͉ ជ ͉z ជ can be solved exactly and expressed as a spectrum of two harmonic oscillators, the Fock-Darwin ͑FD͒ spectra,
with quantum numbers n,mϭ0,1,2.., and spin ϭϮ1/2.
Here the two frequencies are given by 
III. MULTIEXCITON SYSTEM
To study excited states of the quantum dot, we replace the many-electron Hamiltonian by the electron and hole Hamiltonian. By treating electron and hole levels in the effective mass one-band approximation, we neglect the valence-band mixing effects and neglect electron-hole exchange. This allows us to focus on many-body effects and their evolution with the magnetic field. The many-electron-hole problem in this work is studied using the configuration interaction ͑CI͒ method. The many-particle configurations are built using the Fock-Darwin SP states introduced in the previous section. The interacting Hamiltonian is diagonalized exactly ͑exact diagonalization͒ in a given basis of configurations. Taking a sufficiently large number of configurations as a basis in expanding the ground and excited states of the interacting Hamiltonian, it is possible to obtain electronic states of a multiexciton system with high accuracy. In order to gain more physical insight, analytical expressions describing excitonic states in a magnetic field are derived by treating the weak Coulomb interactions as perturbation, and identifying and retaining only a few relevant configurations.
A. The model Hamiltonian
The Hamiltonian of a multiexciton system in the language of second quantization can be written as
where i, j,k,l are the indices of FD states. The Coulomb matrix element is defined by 
where l H ϵ͓ប/(2m* H )͔ 
where
The parameters ⌳ eh , ⌳ e , and ⌳ h are introduced in Eq.͑3͒ due to the different confinement potential for electrons and holes. In harmonic oscillators, the extention of the wave function is given by ͗n,m͉r ␤ 2 ͉n,m͘ ϰ(1ϩnϩm)/m ␤ H ␤ . Accordingly, the existence of the relationship m e H e ϭm h H h indicates that an electron and a hole in the states of QD with the same quantum number have identical envelope wave functions. This leads to ⌳ eh /⌳ e ϭ⌳ eh /⌳ h ϭ1, and makes Eq. ͑3͒ recover the form of Eq. ͑2͒.
B. Hidden symmetries
As was shown in Refs.14 -16, the similarity of eϪe, h Ϫh, and eϪh interactions (⌳ eh /⌳ e ϳ⌳ eh /⌳ h ϳ1) in SAQD's leads to hidden symmetries 17 and great simplifications for interacting electron-hole complexes filling degenerate shells of a quantum dot in zero magnetic field. The HS results from the commutation relation between the Hamiltonian, Eq.͑1͒, and the interband polarization operator P
where E t X ϭE t e ϩE t h Ϫ ͚ jk g t Ϫ1 V j jkk eh where E t , is the energy of the SP state on shell t. Equation ͑4͒ holds exactly for 2D electrons and holes in the lowest Landau level 17 and is well satisfied in parabolic quantum dots. 14 -16 If Eq. ͑4͒ is satisfied, N-exciton multiplicative states ( P ϩ ) N ͉vac͘ are exact eigenstates of the interacting shell Hamiltonian with energy NE X . The chemical potential of the N-exciton system E X , the energy to remove ͑add͒ an electron-hole pair to the multiplicative state, is independent of N and does not depend on the filling of the shell. This could be interpreted in terms of excitons on a degenerate shell forming a noninteracting gas. In the case of an even number of excitons, one can define a singlet-singlet biexciton operator
The exact eigenstates of the multiexciton system can be constructed as (
͉vac͘. Using hidden symmetries one can construct exact eigenstates of the electronhole system on a degenerate shell without the need for any computation. The deviations from Eq. ͑4͒ due to different orbital character of wave functions of each shell and scattering from other shells lead to deviations of exact eigenstates from multiplicative states. These differences are shown to be small in what follows.
C. Many-exciton states and configuration interaction
Hidden symmetries apply only to degenerate shells. The FD spectrum leads to a number of magnetic-field-engineered degeneracies. We will show that the concept of hidden symmetries can be extended to magnetic-field-engineered degeneracies. For arbitrary magnetic field no degeneracies exist and we must resort to numerical methods. To find the energy and eigenstates of the N-exciton system, we expand the wave function in a set of configurations, build the Hamiltonian matrix, diagonalize it, and determine the eigenstates and eigenvalues. The configurations are constructed by putting N particles, according to the Pauli-exclusion principle, in M (ϾN) SP states. The procedure is repeated as a function of the number of FD states and energy cutoff until convergence, for each value of the magnetic field. The number of the constructed configurations is, however, a huge number for large M ͓for N exciton, the maximum number of the configurations is "M !/͓N!(M ϪN)!͔… 2 ]. The set of configurations spans our Hilbert space and determines the size of the Hamiltonian matrix needed to be solved. We can represent the manyparticle states with a proper set of quantum numbers. Since the configurations with different quantum number are decoupled, we can focus each time only on a subspace spanned by the configurations with some certain quantum number to reduce numerical cost. For circular dots, total angular momentum L of excitons is a good quantum number. Neglecting spin-orbit interaction, spin-flip processes are not allowed and the S z component and the total spin S of excitons, electrons, and holes are conserved as well. The states of N excitons can be represented by ͉i,N,L;S h ,S z h ;S e ,S z e ͘, where ''i'' labels states in a given Hilbert space. Because the kinetic energy of electrons is proportional to e and the Coulomb energy to V 0 ϰͱ H e (ϰͱ e for B ϭ0), strong confinement in dots leads to weak Coulomb scattering (V 0 /⍀Ӷ1,⍀ϵ e ϩ h ) among nondegenerate levels. With the small value of V 0 /⍀ and charge neutrality of each electron-hole pair, different configurations are coupled only through weak exchange Coulomb interactions and ground states are dominated by the configuration with lowest total SP energy. In numerical calculations, we first sort configurations according to the total SP energy and take as a basis only those with energy lower than cutoff energy E cut . The cutoff energy E cut is increased until ground-state energy converges. Fortunately, the typical value of the ratio V 0 /⍀ for SAQD's is less than 1 2 due to strong confinement and converged results of GS can be obtained with small value of E cut ͑few ⍀ higher than the lowest total energy of configurations͒ and reasonable numerical cost.
IV. MULTIEXCITON COMPLEXES IN MAGNETIC FIELDS A. Energy spectra
The main difficulty is the understanding of exciton states on degenerate shells. Let us first analyze a representative case of a doubly degenerate shell. The doubly degenerate shell at Bϭ0 is the p shell. In a magnetic field the degeneracy is achieved whenever the (nϭ1,mϭ0) state crosses the (m,nϭ0) states. The first magnetic-field-induced degeneracy corresponds to the magnetic-field range where p ϩ ͑1,0͒ and d Ϫ ͑0,2͒ states are almost degenerate ( c ϳ c,2 ). The number of the excitons filling these two levels is N ϭ5X,.,8X. This case corresponds to relatively low energy and low magnetic field and is most feasible in experiments. The analysis can be easily generalized to other cases with a larger number of excitons and higher magnetic fields.
NÄ5X
For Nϭ5X, in the magnetic field around B 2 ( c ␤ ϳ c,2 ␤ ϭ ␤ /ͱ2), there are two relevant configurations, ͉5X;a͘ and ͉5X;b͘, with lowest total SP energy, as schematically shown in Fig. 2 . In these configurations, the two lowest SP states ͑0,0͒(s state͒ and ͑0,1͒ ( p Ϫ state͒ are fully filled by four particles and the topmost particle occupies either p ϩ or d Ϫ states. The situation is quite similar to the 3X for B ϳ0.
14 The difference is that the latter has only one filled s state and the topmost occupied shell is the p shell, consisting of p ϩ and p Ϫ states. The two lowest 5Xstates correspond to electron ͑hole͒ occupying states with different angular momentum. The magnetic field induces a transition between the two states with different quantum numbers leading to a cusplike change in the ground-state energy. However, when the two states are occupied by an electron and a hole, the total angular momentum Lϭ0 both for ͉5X;a͘ and ͉5X;b͘ configurations. The two configurations are coupled and the ground state is a linear combination of states ͉5X;a͘ and ͉5X;b͘, i.e., ͉ 5X ͘ Ϸc a 5X ͉5X;a͘ϩc b 5X ͉5X;b͘. Assuming that the electron and hole states with the same quantum number have the same ͑envelope͒ wave function, the Hamiltonian in the basis of ͉5X;a͘ and ͉5X;b͘ is given by
Here, E 4X is the total energy of Nϭ4X filling the core levels. tonian Eq. ͑5͒ is similar to the effective two-level Hamiltonian describing Nϭ3X in Bϳ0 corresponding to one exciton in the degenerate p shell.
The two eigenvalues obtained by solving Eq. ͑5͒ are 
. The numerically calculated energy spectra for Nϭ5X are shown in Fig. 4͑a͒. For small Ϯ , the B dependence of E 5X Ϯ becomes very weak in this regime. A sharp cusp in the electron spectrum is replaced by a gradual and smooth evolution of the exciton spectrum with the magnetic field. The range of the weak B dependence in magnetic field reflects the strength of the electron-hole scattering matrix element V eh p ϩ d Ϫ ,x .
NÄ6X
For Nϭ6X, the configurations with lowest total SP energy are those with two core states filled by four excitons and two excitons in a half-filled shell consisting of orbitals p ϩ Ϫd Ϫ . The states of the two excitons can be classified according to total spin of electrons and of holes as singlet(S e ϭ0)-singlet(S h ϭ0) ͑SS͒, triplet(S e ϭ1)-triplet(S h ϭ1) ͑TT͒, singlet-triplet ͑ST͒, or triplet-singlet ͑TS͒. The configurations with lowest total SP energy for 6X-SS, -TT, and -TS states are shown in Fig. 3 .
The three SS configurations are given by
Expanding the 6X states in terms of the three configurations ͉6X;a͘,͉6X;b͘,͉6X;c͘ leads to the Hamiltonian given by
where Fig.  4͑b͒ .
We now turn to the TS configuration shown in Fig. 3 . The energy of the TS state is given by E ts ϭE 4X ϩE p ϩϩ E d Ϫ. The energy of the TS state has a weak B dependence in the whole regime and the same value as that of the first excited SS state as E d Ϫϭ E p ϩ ͓see Fig. 4͑b͔͒ .
The configuration for the TT state is shown in Fig. 3 Fig. 4͑b͒ . As E d Ϫϭ E p ϩ, E tt is equivalent to that of the SS lowest state and both are the GS. However, including the scattering to higher shells, the lowest E ss is lower than E tt and becomes the GS.
14 Comparing the lowest energies of SS, TT, and TS states, we find that the lowest singlet-singlet state is the GS of 6X in all of the B-regime, i.e., E GS 6X ϭE ss,1 .
NÄ7X and NÄ8X
For Nϭ7X, there are two configurations with lowest total SP energy for Sϭ0, Lϭ0, and S z e ϭ1/2 ͑see Fig. 5͒ . The Hamiltonian expanded in the configurations is given by
͑10͒
The form of Eq. ͑10͒ is quite similar to that for 5X, except for the diagonal elements, including the total energy of three excitons occupying the d Ϫ and p ϩ states and 4X GS energy E 4X . An exchange energy appears in the diagonal elements, because the two particles with the same spin occupying d Ϫ and p ϩ states could be exchanged. If E d Ϫϭ E p ϩ, the two eigenvalues are given by E 7X
is the GS energy͒, and the corresponding eigenstates are ͉Ϯ͘ ϭ1/ͱ2(͉7X;a͘Ϯ͉7X;b͘). The GS ͉ϩ͘ϭ( P ϩ ) 3 ͉4X͘ is consistent with the principle of HS. For
Ϯ has a smooth evolution with the B field, in analogy to the Nϭ5X system. As
, the eigenvalues are given
. There is only one configuration for Nϭ8X, in which all states up to the p ϩ Ϫd Ϫ shell are filled. The energy of the
B. Magnetophotoluminescence spectra
To calculate the photoluminescence ͑PL͒ spectra, we first numerically calculate the ground and excited states for a given number of excitons N using the exact diagonalization technique. We assume fast relaxation of electron-hole pairs so that the N-exciton system relaxes to the ground state before eϪh recombination takes place. The emission of a photon during recombination of one eϪh pair from the ground state of the N-exciton system involves the transition to a final state, ground and excited, of the (NϪ1)-exciton system. According to Fermi's golden rule, the intensity of PL spectra is given by
͑11͒
The interband polarization operator is defined by P Ϫ ϵ ͚ i, j, u i j h i, c jϪ with dipole moment u i, j ϵ͗i͉E ជ ͉ j͘. In the dipole approximation we have u i, j Ϸ␦ i, j and P Ϫ ϭ ͚ i, h i, c iϪ , which removes an electron and a hole with the same quantum number and opposite spin from the initial state. The initial state is assumed to be the ground state of the N exciton system ͉N,iϭGS͘. The transitions to all final states of the (NϪ1)-exciton system ͉NϪ1,f ͘ connected by the polarization operator to the initial state are possible. Without interactions, the energy of an emitted photon is equal to the total kinetic energy of the recombined eϪh pair with the same quantum number, i.e., បϭE i e ϩE i h , and the PL has the same spectrum as that of the eϪh pair. In reality, the PL spectrum from an interacting N-exciton dot exhibits more complicated features due to interactions. Figure 6 shows the representative calculated PL spectra for initial exciton numbers Nϭ18 and the magnetic field corresponding to the electron cyclotron frequency c e ϭ0.5 e . The emission spectra correspond to electrons occupying successive nondegenerate states as indicated in Fig. 1͑a͒ . For a given exciton number, the spectra are composed of a number of peaks corresponding to removal of electron-hole pairs from occupied orbitals. The peaks with highest energy correspond to the transitions from the GS of the NϪ exciton to the GS of the (NϪ1)-exciton system, and usually have high inten-sity. The PL peaks at lower energies result from the transitions from the GS of the N exciton to many excited states of the (NϪ1)-exciton system. They overlap with GS-to-GS transitions for lower exciton number and result in broadening of emission lines which average over the number of initialstate excitons. Such average spectra, and their evolution with magnetic field, are well represented by considering only the main PL peaks at highest energy. Hence, the following analysis will be focused on the PL peaks corresponding to the GS-to-GS transition. The transition energy is defined as the chemical potential of the N-exciton system by
where E GS N is the ground-state energy of the N-exciton system.
C. Chemical potential
According to the E GS N 's calculated in Sec. IV A, the chemical potential for the exciton number Nϭ5X,6X (N ϭ7X,8X) in low magnetic fields where
is given by 5 
. In high magnetic fields where
for high exciton number Nϭ7X,8X is due to particle exchange. Since the Coulomb-interaction terms in N are very weakly B-dependent, the B evolution of N is dominated by the kinetic energies, E 10 or E 0,2 , and very close to that of the SP spectrum. One hence can expect a SP-like ͑Fock-Darwin͒ spectrum of PL from the ensemble of many-exciton dots in most magnetic fields where no level crosses. In the condition of HS (E pϩ ϭE dϪ ϵE pd ), the GS energy of the N-exciton system (Nϭ5 . . . 8X) is given by E GS N ϭE 4X ϩ(NϪ4)(E pd Numerical calculation based on the method of CI is carried out. For simplicity, we first consider only the p ϩ and d Ϫ SP levels in the calculation. We take the dot parameters, e ϭ33 meV, h ϭ6.6 meV,m e *ϭ0.05m 0 , and m h *ϭ0.25m 0 .
The parameters are extracted from both PL measurement 24 on InGaAs/GaAs intermixed quantum dots and corresponding calculations using eight-band k ជ • p ជ theory including strain and Ga diffusion. 27, 28 With those parameters, the p ϩ and d Ϫ levels form a degenerate shell at the corresponding magnetic field of c ϭ c,2 , B 2 ϭ10.1 T ͓see Fig.7͑a͔͒ . This simplified model is the same as that used in Sec. IV except for the disregard of the filled core states, i.e., setting ⌺ 10 ϭ⌺ 02 ϭ0.
The numerically calculated N 's are shown in Fig. 7͑a͒ . We see that the N 's for all N reach their local minimum or maximum and possess the same value at Bϳ10. Fig. 7͒ . The N 's calculated using the exact diagonalization technique are shown in Fig. 7͑b͒ . Seven doubly degenerate lowlying SP levels are used to build up the configurations. Convergence of calculated results is achieved with a small cutoff energy of configuration, which is 1.5ϫ( e ϩ h ) higher than the lowest energy of configuration. Compared with Fig. 7͑a͒ , we find that the calculated N 's in Fig. 7͑b͒ are further renormalized. This is mainly due to the finite self-energies ⌺ 10 and ⌺ 02 that result from the particle exchange involving the filled core states. And, the inequality of the two self-energies (⌺ 10 Ͼ⌺ 02 ) shifts the B HS further to the higher field (ϳ11.4 T). Besides, the N 's at BϷB HS are not any more independent of N but vary slightly with N due to particle scattering to the higher levels. The N 's for even N have lower values than those for odd N and the small energy difference indicates the weak biexciton binding. 13, 16 As a result, the N curves overlap each other in a wide range of magnetic field around B HS ͑between 10.5 and 12 T͒. 
D. Magnetically engineered twofold degeneracy
The above analysis can be extended to consider the generalized cases in which the topmost occupied shell consists of twofold degenerate states (1,0) and (0,m), and the filled core shells are the states (0,0),(0,1)•••(0,mϪ1) ͑the lowest Landau level͒, with Nϭ2mϩ1,..,2mϩ4 and c ϳ c,m . One representative configuration is shown in Fig. 9 Fig. 7 , one can easily identify the effect of renormalization and the relationship to the number of occupied core states.
V. CONCLUSION
In summary, we present a theory of exciton complexes in InGaAs/GaAs self-assembled quantum dots subject to strong magnetic fields. The energy spectra and chemical potential of magnetoexciton complexes in dots are calculated in a semianalytical manner, as well as numerically using the technique of exact diagonalization. It was found that the magnetic-field evolution of the chemical potentials of N-exciton interacting complexes resembles that of a single-particle ͑Fock-Darwin͒ spectrum in magnetic fields where degeneracy is lacking. However, the effect of exciton-exciton interaction becomes crucial as new degeneracies are created at special values of magnetic fields. Associated with the magnetically engineered degeneracy, the similarity of eϪe, hϪh, and eϪh interactions leads to ''hidden symmetries'' and condenses the manyexciton complexes into a coherent multiplicative state. As a result, the chemical potential of an N exciton dot turns out to be insensitive to magnetic fields as well as exciton number. The theory is extended to apply to the generalized cases with magnetically engineered twofold degeneracy with higher exciton number and magnetic fields. The analytical formulas for the description of the corresponding energy spectra and chemical potentials in the condition of ''hidden symmetries'' are derived.
